Int J Theor Phys (2009) 48: 1500-1507
DOI 10.1007/s10773-008-9922-8

The Invariant Eigen-Operator Method for Hamiltonians
with Coordinates-Coordinates Coupling Terms

Yong-mei Liu - Ying-hua Ji

Received: 15 October 2008 / Accepted: 16 December 2008 / Published online: 30 December 2008
© Springer Science+Business Media, LLC 2008

Abstract In this paper, we apply the method of “invariant eigen-operator” to study the
Hamiltonian of harmonic oscillator with couplings and derive their invariant eigen-operator.
We first discuss decoupling of coupled harmonic oscillators with the two different quality
and frequencies. And then, we propose an operator Hamiltonian to describe the linear lattice
chain with Born—von Karman boundary condition. The vibrating spectrum is thus obtained.
The results show that, for the system of coupled harmonic oscillators by coordinate coupling
or momentum coupling, the invariant eigen operator Q of system always has the form of

0=Y g% 00 Q=3 %;p,;.

Keywords Heisenberg equation - Invariant eigen-operator method - Coupled harmonic
oscillators

1 Introduction

The model of coupled harmonic oscillators has been studied, being applied to various prob-
lems of quantum mechanics and quantum optics. For instance, it was used to describe
quantum amplifiers and converters [1, 2]. Explicit exact solutions and propagators of the
Schrodinger equations as well as solutions of the Heisenberg equations of motion were con-
sidered and applied to different problems [3, 4]. As a result, in [5], the solution for coupled
identical oscillators has been found through a unitary transformation approach. In general,
solving various stationary Schrodinger equations leads to eigenvalues and eigenvectors of
dynamic Hamiltonians. Though the Heisenberg equation stands on the same footing as the
Schrodinger equation, it is seldom employed for the purpose of directly deriving energy
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eigenvalues. In a very recent paper [6] author has introduced a new method, i.e. the “invari-
ant eigen-operator” (IEO) method to explore energy-level gap of dynamic Hamiltonians,
which is based on both the concept of Schrodinger operator and the Heisenberg equation of
motion. In this manuscript, we apply the method of “invariant eigen-operator” to obtain the
decoupling of the quantum system for some kinds of coupled harmonic oscillators and give
the corresponding eigenvalue of energy. The method is different from those presented in the
published before on the same problem.

2 The Invariant Eigen-Operator Method

In quantum mechanics, the discrete energy levels and simultaneously the eigenstates of
dynamic systems are usually derived by solving the appropriate Schrodinger equation
ih(d/dt)y = Hvyr. However, owing to the Heisenberg equation of motion,

d A A

lhdtQ—[Q,H] ey
which is of the same form and importance as the Schrodinger equation. Since (1) does not
involve wavefunctions or eigenvectors, it can hardly be straightforwardly employed to derive
energy-level formulas. In [7], the authors reported that the Heisenberg equation of motion
can also be used to deduce the energy-level gap of certain dynamic systems if one can find
some appropriate eigen-operators Q of the square of the Schrodinger operator i fi(d /d1). Its
main idea is as follows. For the certain quantum system, there is Q satisfying the following

eigenvector-like equation
d\* . .
ih— =G* 2
(l p t) Q (@)

where G is real. We can judge that G is the gap between two adjacent energy levels of the
dynamic Hamiltonian H.

To clarify this point of view, we assume that |m) and |n) are two adjacent different
stationary eigen-states of Hamiltonian H with eigen-values E,, and E,, respectively. Using
the Heisenberg equation, we obtain

(m| (ih%>2 Q |n) = (m|[[Q. Hol. Ho]|n)
= (m|(QH; — 2H,QHy + H; Q) |n)
= (Ey — E,)* (m| Q |n)
=G> (m| Q In)
where
G =|E, — E,|

Whenever (m|Q|n) is nonzero matrix element, the energy gap between |m) and |n) can
be obtained as G = |E,, — E,|. Thus, this new method is named as the invariant eigen-
operator method.
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3 The Invariant Eigen-Operator Method for Some Hamiltonians

In this section we shall apply the invariant eigen-operator method to derive the energy level
of the coupled harmonic oscillator. The Hamiltonian of coupled harmonic oscillators is usu-
ally used to describe the molecular with many binding atoms. The simplest Hamiltonian of
two coupled harmonic oscillators is written as

2

n 1 1
H1:Z<2—p]+2mja)2x ) klplpz—kle)(z
j=1

In most of the books on quantum mechanics, the ways solving eigenvalues of H | are intro-
duced on containing only coordinate-coupling or momentum-coupling both the same quality
and frequency. Obviously, the Hamiltonian getting from H, is more general form.

For another example, the Hamiltonian of the lattice chain model is

1 N ﬂ N
g A N2
Hz—%; EZXI—XIH)

It is well known that the lattice chain model has been a basic theory for understanding
vibrating mode of phonon and energy-band in solid state physics. The last term in H, reflects
that an atomic ring is formed by connecting the lattermost atom with first atom. Because of
forming a ring, we also consider that this chain is endless so as to every atom being in the
same environment.

The last the Hamiltonian of harmonic oscillators with bilinear coupling is written as

2

o 1 . 1
3= Z (Mpi + Em]a) ) + kX1 D2 + koXo p1 + k3 pr1Xy + ks priy

Case 1 The Hamiltonian is
2 /1
H=)" (—ﬁf +omjwik ?) kiprp2 — kak1 %> 3

According to the invariant eigen-operator method, firstly we should consider the basic com-
mutative relations using the Heisenberg equation

SRR . 1, .

[x1, H] = lh(—Pl —k1P2> 4
ny

SO . 1, R

[Xz,Hl]Zlh(—pz—klpl) 5
my

[p1, Hil = —ih (m 10} — koity) (6)

[p2. H1 = —ih (mow3R| — kaky) @)

Based on Hamiltonian H, in (3), we suppose that the invariant eigen-operator in the case
is

O1=%+ g% ®)
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The parameter g,is to be determined.
Substituting (8) into (2), combing (4)—(7), we have

d\’ _ .
<lha> 01 = (o] + mikiwigi — kiks —m) kg%
+ WA (wig) + mokiw3 — kikagy — m k)X, ©)]
If the operator Q] satisfies (2), comparing (8) and (9), we obtain

w]2 +m|k1w%g1 —klkz —mz_lkzgl _ w%gl +m2k1a)% —klkzgl —ml_lkz

10
1 81 (10
As a consequence of (10) we have
(3 — 0?) \/(wg — 0?2+ d(m ki’ — m; ko) (makyw? — my ka)
si(d) = an

2(m ik} — m3'ky)

Substituting (11) into (9) and comparing with (2), we can get level gap

G’ = %hz[(a)g + w% — 2kiky) \/(w% - a)%)2 + 4(m1kla)% - m;lkg)(mzklwg - mflkz)]
12)
As the coupled quantum system of two harmonic oscillators is described by (3), we can
easily see that the energy level gap of quantum system is given by G, but after decoupling,
the frequency of two independent harmonic oscillators is given by #~!G. Writing as

Qi =h"'G,, QL=hr'G_

The energy eigen-value of the system reads
1 1
where

1
Q= E[(w; + i — 2kik,)

+ \/(w§ — ) +4mikio} —my ko) (makio} —my k)] 14

1
Q= 5[(0)5 + wt — 2kik,)

- \/(wg —o)? +4(mikiw} —m5 k) (makiw3 —mi k)] (15)

In fact, for the quantum system describing by Hamiltonian (3), we can find that another
invariant eigen-operator Q] is

O\ =pi+gp (16)
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Here g| is to be determined. Substituting (16) into (2) and using (4)—(7), it is easy to get
d\* A
(lhE> 0= hz(w% +m2k1w%gi — kiky — ml’lkzgi)ﬁl
+ W (w3 gy + mikio} — kikag) — m5 k) pa 7

When the operator QA’l meets (2), by comparing (17) with (16), we can get

wf —I—mgkla)%g/l —kiky — m;lkzgi a)%gi + mlkla)f —kikyg! — m;lkz

= p (18)
1 &1
From (18), we may determine the two value of g;
, (@} — o)+ \/(wg — o))? +4(m ki 0} — m; k) (maki w3 — my k)
sid= 19

2(makiw? — m'ky)

Substituting (19) into (17) and comparing with (2), we also obtain the energy level gap G
determined by (12).

In order to be able to understand intuitively the method of “invariant eigen-operator”, for
the coupled quantum system of two harmonic oscillators, we discussed a simple case

my=my;=m, W =w)=w
Under these conditions, from (11), we can get
g1==l1

When g; = 1, we can obtain from (14)

Q1 = Vo? — mwtky — kika — m—k, (20)

When g, = —1, we can get from (15)

522:\/w2—ma)2k1 —k1k2+m_1k2 (21)

Further, when k; =0, we get

k
QLQZ w2:|:—2
m

When k, =0, we also get
Q2 =Vw? £ mw?k

Case 2 The Hamiltonian is

. | X L B LA )
H, = EE”’ + EE(X’ —&141) (22)

Because of forming a ring, we can consider
P+ =P, XN+ =X (23)
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Due to the difficulty and complicacy in directly diagonalizing quantum Hamiltonian op-
erator of a long chain, in solid state physics textbooks people start to illustrate the vibrating
modes of the lattice chain model in the context of classical dynamics together with the
Born-von-Karman boundary condition. In [8], for the quantum system described by the
Hamiltonian (22), authors give the invariant eigen-operator 0, is

N
0= B;p, (24)
j=1

where
. 2w
Bj =cos(jo)), Ql:W(l— 1)

In this section, we give another form of the invariant eigen-operator. Using the Heisen-
berg equation of motion we have

.~ ih,

[x;, H)]= —p; (25)
m

(pj, Hal = —ihBQ%; — %141 — %j-1) (26)

From (25) and (26) we guess that the invariant eigen-operator of ﬁz is
N
Q)= A;%; Q27)
j=1

The parameters A s are to be determined. Substituting (27) into (2), combing (25) and (26),
we have

AN B NSy e e
(lhE) Q2 = —lhﬁ ZAj[ZXj —Xj+1 _xj—l]

Jj=1

N N N
= —ihp |:22Aj)2j — ZA_/-)%_H.] — ZAjfj_1i|
j=1 j=1

j=1

N
=—ihBY QA;—Aj1— A%
j=1

Further, we evaluate
LA\ A BREE )
(ﬂia) 0h="— QA;—Aj1— Aj_1E; (28)
m 3

Comparing (28) with (2), it is necessary to ask for
Aji4 A =1A; (29)

A is a coefficient has nothing to do with summation j. There is no doubt that a reasonable
choice is

Aj =cos(jor) (30)
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Substituting (30) into (29), we have
Aj+Aj_1 =2cos6cos(jo) 31)

And then
A =2cos6,

The periodicity of the ring should be described by 6, so

2

6=",0=1, I=12..N (32)
From (28)—(32), we obtain

ind ZQ/ —2’%2(1 )05 33)

1 a1 = " COos o 2
here

N
0, = %;cos(jfh) (34)

which means that Q’2 also is the invariant eigen-operator of H,. From (33), we can get the
energy gap
_ 2802

G3
m

(1 —cos6))

The vibration modes of this chain is

|28
Q=== —cost), I>1 (35)

‘We now analyze the physical meaning of diagonalized frequency €2; and the physical system
represented by this circular type of Hamiltonian. We think that H, is on behalf of a single
atomic lattice model (described the single atomic crystal in the cell), of which the last term
(the beginning and the end interaction) represents Born-von Karman boundary condition.
After diagonalization of H, Q represents the phonon frequency of quantum lattice. We can
see that using the invariant eigen-operator method we can obtain the result of the chain more
easily and directly.

In brief, from above results, we can easily know that: for the quantum system of cou-
pled harmonic oscillators by coordinate coupling, momentum coupling or both coordinate
coupling and momentum coupling, the form of invariant eigen-operator Qis 0= M ;o X
or Q= >_; Bjbj- Coefficient a;s or ;s is determined by both the inherent parameters of
coupled harmonic oscillators and coupling parameter.

Case 3 The Hamiltonian of oscillators with bilinear coupling is

2

N 1, 1 . A A A A
H; = Z(Mpi + Em]wijz> +kiX1p2 + kaXa pr + k3 pixa + ks p2xy (36)
j=1
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Using the basic commutative relations of coordinate and momentum, we have

[£1, B3] = ih(my' p1 + kaka + kas) 37)
(%5, H3] = ih(m5' py + ki%1 + kak) (38)
[p1, H] = —ih(miwlfy + ki p2 + ks p2) (39)
[p2. H3] = —ili(mywiis + kap1 + ks p1) (40)

Based on Hamiltonian Hj in (35), we suppose that the invariant eigen-operator in the case
is

O3 =%+ g3h> 1)
Substituting (41) into (2), combing (37)—(40), we have

d\> .
(ihE> 03 = B {miwilm]" — g3lka + k3)] — (ki + ko) [(ka + k3) — maw3 g31}%,

+ Rk + k) [my " — g3(ka + k3)] — my ' [(ka + k3) — maw3gsl}pa (42)

If the operator Q3 is the invariant eigen-operator for 1:13, g3 must satisfy the equation fol-
lowing

(1] (ky +k3) +ma3 (ky +ka) 183 + (@03 —o]) gz +my ' (ki +ka) —my ' (ko +k3) =0 (43)

It is necessary for us to solve this equation for g;. Substituting g3 into (42) and comparing
with (2), we can obtain Q3, which is the invariant eigen-operator of Hg Thus, coupling be-
tween modes is eliminated and Hamiltonian H; can be simplified as two mode independent
harmonic oscillators, problem is solved.

In summary, we have adopted the invariant eigen-operator method to tackle some special
coupled oscillator model. This approach seems concise and direct and can be extended to
tackle other Hamiltonian models.
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